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The maximum current that can be transported across a vacuum diode is limited by the space charge force. In
a planar diode configuration, the space charge limited (SCL) current density from a planar emitting patch is
given by the Child-Langmuir (CL) law JCL ∼ V 3/2g /D2 where Vg is the potential difference across the diode
and D is the separation between the anode and cathode. We show here analytically using the nonlinear line
charge model that for a curved emitter in a planar diode configuration, the limiting current obeys the scaling
relationship JSCL ∼ γaV 3/2g /D2 where γa is the apex field enhancement factor of the curved emitter. For
an emitter with large height (h) to apex radius of curvature (Ra) ratio, the limiting current far exceeds the
planar value. The result is verified using the particle-in-cell code PASUPAT for two curved emitters shapes.
I. INTRODUCTION
The maximum current that can be transported across
a vacuum diode is a quantity of immense interest in vac-
cum microelectronics, space navigation and especially
in high-power vacuum electronic devices such as mag-
netron, gyrotron, vircator or relativistic backward wave
oscillators1. The limit on the current arises from space
charge forces which give rise to an electric field that op-
poses the macroscopic applied field in the diode. The
current that enables an exact cancellation of these forces
is referred to as the space charge limited (SCL) current.
It is a quantity that can be reliably used to design systems
and is used to model explosive emission in particle-in-cell
(PIC) codes.
In a planar diode configuration, the SCL current den-
sity is given by the Child-Langmuir law2,3
JCL =
40
9
(
2e
m
)1/2
V
3/2
g
D2
(1)
where e and m are the electronic charge and mass respec-
tively, Vg is the potential difference across anode-cathode
gap and D refers to the distance between them. Eq. (1)
strictly holds for a diode where the parallel plates are
infinite in extent and the entire cathode participates in
emission. Such a situation may approximate the case
when the plate separation D is very small compared to
the size of the emitting region. When they are compara-
ble, a correction factor needs to be incorporated4–7
In recent decades, emission from curved surfaces under
the application of an electric field has been extensively
researched. A curved emitter placed perpendicular to the
cathode plate in a planar diode configuration, has a lo-
cal electric field at the apex which can be expressed as
Ea = γaE0 where E0 = Vg/D is the macroscopic field
and γa > 1. This leads to larger field emission currents
at moderate fields and can hasten explosive emission in
high power systems. In such situations of emission from
a curved surface, the space charge limited current is ex-
pected to increase and its exact nature is a matter of
considerable interest. A clue that the scaling relationship
V
3/2
g /D2 should continue to hold for curved emitters, fol-
lows from the general scaling law for Schro¨dinger-Poisson
system arrived at using dimensional analysis8 wherein
J ' ~3−2αV αg /D5−2α where ~ = h/2pi, h being the Plank
constant. For a purely classical system 3−2α = 0 so that
J ' V 3/2g /D2 irrespective of the emitter shape9.
The limiting current is known analytically for co-axial
cylindrical diodes and concentric spherical diode systems
apart from the planar (Cartesian) system7,10–13. A simi-
lar treatment for a curved emitter in a planar diode con-
figuration seems beyond the scope of standard techniques
and it is therefore necessary to take recourse to approx-
imate analytical methods and PIC codes where space-
charge limited emission from curved surfaces is modeled
adequately. The aim of this work is to establish an ex-
tension of the Child-Langmuir law for curved emitters.
II. APPROXIMATE DERIVATION OF SCL CURRENT
The space charge limited current7,14 for zero injection
velocity corresponds to the condition that the net electric
field at the cathode is zero. We shall use approximate
methods which incorporates this basic requirement and
highlights the physical aspects. A simple derivation of
the Child-Langmuir law based on vacuum capacitance
and transit time7,15,16 provides much physical insight.
A. The Planar Case
Consider a planar diode with the anode and cath-
ode separated by a distance D and having a potential
difference Vg. The electric field between the plates is
E0 = Vg/D and the induced surface charge density on
the cathode plate is 0E0. The total charge Qb induced
on an area A is thus Qb = 0AE0 = 0AV/D. This is
also the magnitude of the charge induced on the anode
on an identical area A since the field lines remain straight
and perpendicular to the plates.
In order to address the question of space charge lim-
ited current, consider a charge filled flux tube having a
cross-sectional area A and extending from the cathode
(z = 0) to the anode (z = D). Let the total charge
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2contained be Q such that the net field (the macroscopic
field −E0zˆ and the space charge field) at the cathode
is zero. It is assumed here that the field lines remain
straight and perpendicular to the plates in the presence
of the free charge Q (see Fig. 1). Consider, a Gaus-
sian surface covering this tubular volume (dashed lines),
with the faces parallel to the plates (marked 1 and 3)
infinitesimally away from them. Since the net field at
the cathode is zero,
∫
1
E.dS = 0 for the face (1) near
the cathode. The flux through the transverse surface (la-
beled 2) is also zero while the flux though the surface near
the anode is E0A assuming that the field at the anode
remains E0 in the presence of the charge Q. In reality
the field at the anode EA = α1E0 with α1 > 1. Thus,
the approximate total flux through the Gaussian surface
is
∮
E.dS = EAA ' E0A = AVg/D = Q/0 so that the
free charge Q = 0E0A = Qb needs to reside in the diode
in order that the field at the cathode is zero.
FIG. 1. A schematic of a planar diode and a Gaussian surface
marked by dashed lines
Assuming now that the average transit time between
the plates is Tav = D/vav where vav = vmax/2 is the
average speed and vmax = (2eVg/m)
1/2 is the maximum
speed, the space charge limited current through the diode
is ISCL = Q/Tav = A(0/2)(2e/m)1/2V 3/2g /D2. Note
that in the actual planar 1-D situation, the average speed
is vav = vmax/α2 where α2 = 3 while α1 = 4/3. Thus
α1/α2 = 4/9 as in the Child-Langmuir law of Eq. (1) in-
stead of 1/2. The approximate result is however close to
the exact result and the derivation is considerably sim-
pler.
B. SCL current for a curved emitter
We shall follow a similar procedure to determine the
approximate SCL current for a curved emitter. In order
to keep the derivation simple, we shall consider a hemi-
ellipsoidal emitter of height h and apex radius of curva-
ture Ra mounted on the cathode plane. As before, con-
sider the diode without any free charge. Let the charge
induced on the hemi-ellipsoidal emitter be Qb. Consider
a flux tube as a Gaussian surface as shown in Fig. 2a
consisting of surfaces 1,2 and 3. Since surface 1 is inside
the hemi-ellipsoid, the flux through this is zero. Further,
surface 2 is aligned along the field lines and hence the flux
is again zero. The flux through surface 3 is E0A1 where
A1 is the cross-sectional area of the flux tube at the an-
ode which is so far unknown. It follows from Gauss’s law
that E0A1 = Qb/0. Thus, E0A1 can be determined if
Qb can be calculated.
FIG. 2. A schematic of a planar diode with a hemi-ellipsoidal
emitter along with Gaussian surfaces marked by dashed lines.
For a hemi-ellipsoid with the anode far away, the
induced charge Qb can be determined since the ex-
act solution is known. It has also been established17
that the surface charge density can be projected on the
axis as a line charge having linear density Λ(z) = λz
where17,18 λ ' 4pi0E0/[ln(4h/Ra) − 2] for h/Ra suf-
ficiently large. The total bound charge therefore is
Qb =
∫ h
0
λz dz = λh2/2 Combining the expressions
for λ and Qb, we have Qb = λh
2/2 = γapi0E0Rah
where18–20 γa ' (2h/Ra)/[ln(4h/Ra) − 2] is the field
enhancement factor at the apex of the hemi-ellipsoidal
emitter (the local field at the apex is thus E0γa). Thus
E0A1 = λh2/2 = γapiE0b2 where we have used hRa = b2
where b is the radius of the hemiellipsoid base.
We are now in a position to deal with the space charge
limited current. Consider the Gaussian surface shown in
Fig. 2b containing free charge Q. In the SCL limit, the
field on surface 1 is zero. We shall assume surfaces 2
and 3 to be identical to Fig. 2a. Thus, the flux through
surface 2 is approximately zero while the flux through
surface 3 is E0A1. Using Gauss’s law, the free charge
Q ' 0E0A1 ' γa0piE0b2. Assuming as in the planar
case that the average velocity vav = (2eVg/m)
1/2/2, the
SCL current for a curved emitter is
ISCL ' (pib2)γa 0
2
(
2e
m
)1/2
V
3/2
g
D2
. (2)
Compared to a planar emitter of area A = pib2, the SCL
current for a curved emitter is greater by a factor γa.
As in the planar case, there are a number of approxi-
mations that may alter the factor 1/2. These include the
field at the anode, the average transit time and finally
the assumption that the A1 does not change in the pres-
ence of charges. The scaling ISCL ∼ γaV 3/2g /D2 should
however be preserved despite these approximations.
3An extension to a general axially symmetric curved
emitter is somewhat non-trivial but can be similarly car-
ried out by noting that the projected line charge density
is in general nonlinear and has the form20 Λ(z) = zf(z).
Thus,
Qb =
∫ h
0
Λ(z)dz = f(h)
h2
2
[
1−
∫ h
0
z2f ′(z)
h2f(h)
dz
]
(3)
where20 f(h) = 4pi0E0γaRa/2h. Thus, the total charge
contained in the diode such that the field on cathode
vanishes is Q ' 0E0A1 = Qb = f(h)(h2/2)(1 − C) =
γapiE0Rah (1− C) where C =
∫ h
0
(z2f ′(z))/(h2f(h))dz is
a nonlinear correction factor that is a-priori unknown.
Note that for a hemi-ellipsoid, f ′(z) = 0 so that C = 0.
Using the expression for average velocity as before,
it follows that ISCL ' (piRah)γa(0/2)(2e/m)1/2(1 −
C)V 3/2g /D2 Thus, the linear dependence on the apex
field enhancement factor γa is expected for other emitter
shapes as well.
C. Incorporating Anode-Proximity and Shielding
The analysis so far has been for an isolated curved
emitter. We shall now consider two competing effects
that have been ignored so far, each of which affects the
apex field enhancement factor. The presence of the an-
ode in close proximity to the emitter-apex alters the line
charge density. Thus the expression for λ no longer holds
and it is necessary to include the effect of charges induced
on the anode21. The net effect is an increase in local field
at the emitter apex.
The presence of other emitters in close proximity also
alters the local field at the apex due to electrostatic
shielding22,23. In such a situation, the local field de-
creases compared to its isolated value. Finally, the pres-
ence of other emitters coupled with the anode also con-
tributes enormously24,25. Fortunately, all of these ef-
fects can be incorporated approximately to express λ as24
λ ' 4pi0E0/[ln(4h/Ra)− 2− αA + αS − αSA] where αA
accounts for anode-proximity of an isolated emitter, αS
accounts for shielding due to all other emitters and αSA is
the indirect effect of other emitters mediated through the
anode. The apex field enhancement factor thus takes the
form γa ' (2h/Ra)/[ln
(
4h/Ra
)− 2−αA +αS −αSA] so
that the relation λ ' 4pi0E0γaRa/2h continues to hold.
Similarly the expression for f(h) applies for a nonlinear
line-charge in the presence of other emitters and the an-
ode. Thus, the central results for SCL current arrived at
earlier in this section, continue to hold.
III. RESULTS FOR CURVED EMITTERS USING PIC
A. Comparison with an existing result
In [26], the localized current density at the apex of
a hyperboloid was reported to scale as V
3/2
g /Dm with
m = 1.1 − 1.2. This appears to be at variance with the
results derived here and therefore needs scrutiny.
A diode in [26] consists of two hyperboloids, one
of which is a plane at z = 0 acting as an anode
and the other (cathode) with its apex located at z =
D having an apex radius of curvature Ra. The lo-
cal field at the apex is Ea = 2Vg/Ra/ ln(4D/Ra) =
[(Vg/D)2D/Ra]/ ln(4D/Ra) for D >> Ra so that
the enhancement factor can be expressed as γa '
(2D/Ra)/ ln(4D/Ra).
The regime explored in [26] is D ∈ [500 − 1000]nm
with Ra = 50nm and 100nm. For Ra = 50nm, the
apex enhancement factor can be approximated by the
fit γa ' 0.952(D/Ra)0.754. Thus, the scaling ISCL ∼
γaV
3/2
g /D2 ∼ V 3/2g /D2−0.754 = V 3/2g /D1.246. The expo-
nent of D is close to the value of m observed in [26].
B. Comparison using the PIC code PASUPAT
In order to further validate the analytical findings re-
ported here, we shall use a three dimensional fully elec-
tromagnetic relativistic PIC code27 named PASUPAT de-
veloped by the authors. It uses the Yee grid based Fi-
nite Difference Time Domain Method to solve Maxwell’s
equations in electromagnetic solver module28–30. The
code also has an electrostatic solver, which currently
uses the multigrid method31 to solve Poisson equa-
tion. The charge-conserving current weighting scheme
of Esirkepov32 is used to assign current densities to the
grid points and the standard Boris method27 is employed
to move the charged particles. Apart from the Dirichlet
and Neumann boundary conditions, a variety of open
boundary conditions have been incorporated both in the
electromagnetic and electrostatic33 modules. For han-
dling curved surfaces, the electromagnetic solver uses the
the Dey-Mitra algorithm34,35 while for the electrostatic
solver, the discretization scheme in the cut-cell (com-
putational cell lying partially inside two medium) has
been modified to account for the reduced spacing be-
tween mesh points36. For space-charge limited emission
from curved surfaces, we have adapted the algorithms
presented in [37] and [38]. The code uses VTK39 library
for writing files for visualization of simulation data. PA-
SUPAT has been tested on standard benchmark prob-
lems. In the present context, it reproduces the Child-
Langmuir law for planar diode, both for the finite and
infinite emission area. We shall use it here to study the
space charge limited current for curved emitters in a pla-
nar diode configuration.
We consider space charge limited emission from (a)
4a hemi-ellipsoid emitter and (b) a hemi-ellipsoid on a
cylindrical post (HECP). The anode, cathode and emit-
ter are assumed to be perfect electric conductors. Pe-
riodic boundary condition imposed on the side walls of
the simulation domain. Typical anode-cathode gap D
was taken to be 15µm while the number of computa-
tional cells along direction of propagation of beam, Nz,
was typically 256 or 512, while in the transverse direction
Nx and Ny were taken to be 128. We have checked for
convergence against Nx, Ny, Nz and time step ∆t. The
total number of macro-particles is typically 1.5× 105.
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FIG. 3. Verification of scaling with Vg and D. Points are
results obtained from simulation and line is best fit to the
PIC simulation data. The emitter height h = 3µm. (a) The
anode-cathode gap is held fixed at D = 15µ while Vg is varied.
Slope of the line is ≈ 1.49 (b) The voltage is held fixed at
Vg = 30kV while D is varied. The slope of the fitted line is
≈ 1.98.
Fig. 3 shows the voltage scaling for an HECP emitter
in a parallel plate diode configuration. The base radius
b = 1.5µm, the height of the post is 1µm while the height
of the hemiellipsoid-cap is 3µm. We plot in Fig. 3a,
ln(ISCL) against ln(Vg). Fitting a straight line yields
a slope of 1.49 which is close to analytical prediction
ISCL ∼ V 3/2g . The scaling with anode-cathode plate gap
D is shown in Fig. 3b (right panel) with Vg = 3kV. Fit-
ting a straight line to the ln(ISCL) against ln(D) yields a
slope of -1.98. These results further validate the voltage
(V
3/2
g ) and anode-cathode gap (D−2) scaling for curved
emitters arrived at analytically. A similar scaling has
been found to hold for the hemi-ellipsoid emitter.
Finally, we present our study of variation of anode cur-
rent with the apex field enhancement factor γa in Fig. 4.
The left panel (Fig. 4a) shows the result for a hemiellip-
soid. The enhancement factor is changed by varying the
height of the hemiellipsoid while keeping the base radius
fixed. The solid points are results obtained from PIC sim-
ulation while the straight line is best fit. It is clear that
as predicted by our theory, anode current scales linearly
with γa.
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FIG. 4. Scaling of ISCL with the apex enhancement factor γa
for (a) hemiellipsoid (b) a hemiellipsoid endcap on cylindrical
post. In both cases, the anode-cathode gap is D = 15µm and
the base radius of the emitter b = 1.5µm. The straight line
is the best fit while the points are PIC simulation data. In
(b) the height of the endcap is increased keeping the cylinder
fixed.
We next consider an emitter having a hemi-ellipsoid
end-cap mounted on top of a cylindrical post, a clear case
of a nonlinear line charge density. As in the simulation
study presented above, we change the height of emitter
to change the apex field enhancement factor. The space
charge limited current for different γa is plotted in the
right panel (Fig. 4b). As before, solid points represent
PASUPAT simulation data and line is best fit. It is evi-
dent again that the SCL current scales linearly with γa.
We have tested these results for other geometries as well.
In conclusion, we have established that the space
charge limited current for curved emitters obeys the scal-
ing relationship ISCL ∼ γaV 3/2g /D2 which reduces to the
Child-Langmuir law for γa = 1.
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